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Let GL(n, K) be the general linear group consisting of all nonsingular 
matrices with entries from the field of complex numbers. A theorem of 
Blichfeldt [I] states that if G is a finite subgroup of GL(n, K) and p is a prime 
with p > (E - 1) (2n + l), then the Sylow p-group of G is a normal sub- 
group. In the case that G is solvable and finite, It6 [5] proved that the con- 
clusion holds for any prime p > ?z + 1. IJsing this result, and a deep theorem 
of Brauer, Feit and Thompson [4] recently improved Blichfeldt’s original 
result and showed that, for any finite subgroup of GL(n, K), the Sylow 
p-group is normal whenever p > 2n + 1. Moreover, they gave examples 
which show that this bound is, in general, the best possible. (The group 
SL(2,p) has a representation of degree (p -- 1)/2, for p odd). 
The aim of the present paper is to prove that Feit and Thompson’s result 
may be improved-if we add the condition that the group in question should 
be a “large” subgroup of GL(n, K). The p roof rests on the theorem of It8 
mentioned above and a theorem of Jordan concerning the existence of normal 
abelian subgroups in linear groups. 
An interesting corollary of the theorem (combined with the examples of 
Feit and Thompson) is that, for some linear groups, the only way in which 
they may be embedded in larger groups of the same degree is to increase 
the size of the centers. 
THEOREM. Let G be a finite irreducible subgroup of GL(n, K) where K is 
the$eld of complex numbers. Then there exists a constant 01, independent of n, 
such that if the index of the center Z(G) in G is greater than exp (oin2/log n), 
then fey each p > n + 1, the Sylow p-group P of G is normal in G. 
Note. For any p > n, it is well known that a Sylow p-group is necessarily 
abelian (see ref. 4). This is a corollary of the theorem that the degree of an 
absolutely irreducible finite linear group divides the order. 
Proof. Since the result is trivial for n = 1, we shall assume that n > 2. We 
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shall use the following theorem of Jordan, with the estimate due to Speiser 
[6, p. 2201 (compare ref. 3, p. 258): 
If S is a finite subgroup of GL(n, K), then there exists an abelian normal 
subgroup A of S for which the index 
[ S : A / < n! exp (n(z-(n + 1) + 1) log 12}, 
where z(n + 1) denotes the number of primes < n + 1. Elementary esti- 
mates of the functions involved show that 
/ S : A 1 < exp (/3n2/log rz) (for n > 2) 
w-here /3 is some constant (less than 10). 
We now choose 01 equal to /3. Then, under the hypothesis of our theorem, 
G will contain a normal abelian subgroup A which is not contained in 
Z(G). In the following, A will denote a fixed subgroup of G with these 
properties and P will denote a fixed Sylow p-group of G for which p > n + 1. 
LEMMA 1. Ps Z(4; G), the centralizer of A in G. 
Proof. P.4 is a solvable subgroup of GL(n, K). Therefore, by Ito’s 
theorem [.5], P is normal in PA. As we have noted, P is abelian and so the 
commutators u-Ia-%a (U E P, a E A) generate the derived group. However, 
u-la-lua E Pn AC Z(AP), and so the derived group of PA lies in the 
center of PA. Hence PA is nilpotent and a direct product of its Sylow sub- 
groups. Thus P = Z(P)s Z(PA) and the lemma follows. 
The remaining part of the proof of the theorem is to show that 
H = Z(-4; G) is reducible and that its irreducible components satisfy the 
conditions of the theorem of Feit and Thompson. We are then able to 
deduce that P is normal (and therefore characteristic) in H and hence normal 
in G. 
Let 7 . be the underlying vector space of G. The root spaces Wj (i = 1, 2, 
**. k) of iz are just the maximal subspaces of I” on which A acts as a group 
of scalars. It is easily verified that Y’ is a direct sum of these root spaces 
because A is an abelian group (compare ref. 3, p. 208). Also k > 1, since 
otherwise A would be a group of scalars and so contained in Z(G), contrary 
to the initial hypothesis on A. 
LEMMA 2. The quofient group G/H is isomorphic to a transitive permutation 
group of degree k. In particular, I G : H / < k!. 
Proof. For each x E G andeach root space “Ni of A, Wix isalso a root 
space. In fact, if a E A has the (single) eigenvalue v(a) on YYi then it has the 
eigenvalue v(xax-l) on ,YV+V. Furthermore, YP”~x = ?Yi for all i, if and only 
if .v E %(A; G) = H. Thus GjH is isomorphic to a group of permutations 
of the k root spaces of A. It is transitive because G is irreducible. This proves 
the lemma. 
Since El == Z(tl; G) is a normal subgroup of the irreducible group G, it 
follows from Clifford’s theorem (see refs. 2 or 3, p. 343), that H is completely 
reducible into certain irreducible components, each pair of which are iso- 
morphic. Thus for some d, there are n/d irreducible components of degree d. 
Finally, from Lemma 2, n/d > k I;- 2. Thus p ;- n j 1 > 2d t- 1. LVe 
can therefore apply Feit and Thompson’s theorem [4] to see that in each 
component of H the corresponding Sylow p-group is normal. Thus P is 
normal in N and hence normal in G. 
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